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Abstract
Geometric symmetry induces symmetries of function spaces, and the latter
yields a clue to global analysis via representation theory. In this note we summarize
recent developments on the general theory about how geometric conditions affect
representation theoretic properties on function spaces, with focus on multiplicities
and spectrum.
Mathematic Subject Classification (2020): Primary 22E46; Sec-
ondary 43A85, 22F30
1 “Grip strength” of representations on global
analysis — geometric criterion for finite-
ness of multiplicities
To which extent, does representation theory provide a useful information for
global analysis on manifolds?
As a guiding principle, we begin with the following perspective ([14]).
Basic Problem 1.1 (“Grip strength” of representations). Support that a
Lie group G acts on X . Can the space of functions on X be “sufficiently
controlled” by the representation theory of G?
The vague words, “sufficiently controlled”, or conversely, “uncontrol-
lable”, need to be formulated as mathematics. Let us observe what may
happen in the general setting of infinite-dimensional representations of Lie
groups G.
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Observation 1.2. For an infinite-dimensional G-module V , there may exist
infinitely many different irreducible subrepresentations. Also, the multiplic-
ity of each irreducible representation can range from finite to infinite.
When confronting such a general situation, one focuses on the principle:
• even though there are infinitely many (sometimes uncountably many)
different irreducible representations, the group action can distinguish the
different parts;
• the group action cannot distinguish the parts where the same irre-
ducible representations occur with multiplicities.
This observation suggests us to think of the multiplicity of irreducible
representations as an obstruction of “grip strength of a group”. For each
irreducible representation Π of a group G, we define the multiplicity of Π in
the regular representation C∞(X) by
(1.1) dimCHomG(Π, C
∞(X)) ∈ N ∪ {∞}.
The case dimCHomG(Π, C
∞(X)) = 1 (multiplicity-one) provides a strong
“grip strength” of representation theory on global analysis, which may be
illuminated by the following example:
Example 1.3. Let X be a manifold, D1, · · · , Dk differential operators on X ,
and G the group of diffeomorphisms T of X such that T ◦Dj = Dj ◦ T for
all j = 1, · · · , k. Then the space of solutions f to the differential equations
on X :
(1.2) Djf = λjf for 1 ≤ j ≤ k
forms a G-module (possibly, zero) for any λ1, · · · , λk ∈ C. The group
G becomes a Lie group if {D1, · · · , Dk} contains the Laplacian when X
is a Riemannian manifold (or more generally a pseudo-Riemannian mani-
fold). Assume now that the multiplicity of an irreducible representation Π
of G in C∞(X) is one. Then any function belonging to the image of a G-
homomorphism from Π to C∞(X) satisfies a system of differential equations
(1.2) for some λ1, · · · , λk ∈ C by Schur’s lemma.
We formalise Basic Problem 1.1 as follows.
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Problem 1.4 (Grip strength of representations on global analysis). LetX be
a manifold on which a Lie group G acts. Consider the regular representation
of G on C∞(X) by
C∞(X) ∋ f(x) 7→ f(g−1 · x) ∈ C∞(X) for g ∈ G.
(1) Find a necessary and sufficient on the pair (G,X) for which the multi-
plicity (1.1) of every irreducible representation Π of G in the regular repre-
sentation C∞(X) is finite.
(2) Determine a condition on the pair (G,X) for which the multiplicity is
uniformly bounded with respect to all irreducible representations Π.
A solution to Problem 1.4 will single out a nice setting of (G,H) in which
we could expect a detailed study of global analysis on the homogeneous
manifold X = G/H by using representation theory of G. The multiplicity
may depend on the irreducible representations Π in (1), and thus we may
think that the group G has “stronger grip power” in (2) than in (1). We may
also consider a multiplicity-free case:
(3) Determine a condition on the pair (G,X) for which the multiplicity (1.1)
is either 0 or 1 for any irreducible representation Π of G.
Clearly, (3) is stronger than (2), however, we do not discuss (3) here.
Problem 1.4 is settled in Kobayashi–Oshima [17] for homogeneous spaces
X of reductive Lie groups G. To state the necessary and sufficient condi-
tion, we recall some notions from the theory of transformation groups. The
following terminology was introduced in [11].
Definition 1.5 (Real sphericity). Suppose that a reductive Lie group G acts
continuously on a connected real manifold X . We say X is a real spherical
if a minimal parabolic subgroup of G has an open orbit in X .
As is seen in Example 1.6 below, the classical notion of spherical varieties
is a special case of real sphericity because a minimal parabolic subgroup of
a complex reductive group GC is nothing but a Borel subgroup.
Example 1.6 (Spherical variety). Suppose that XC is a connected complex
manifold and that a complex reductive Lie group GC acts biholomorphically
on XC. Then XC is called a spherical variety of GC, if a Borel subgroup
of GC has an open orbit in XC. Spherical varieties have been extensively
studied in algebraic geometry, geometric representation theory, and number
theory.
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Here are some further examples.
Example 1.7. Let X be a homogeneous space of a reductive Lie group G
and XC its complexification.
(1) The following basic implications hold (Aomoto, Wolf, and Kobayashi–
Oshima).
X is a symmetric space
⇓ Aomoto, Wolf
XC is a spherical variety
⇓ Kobayashi–Oshima [17, Prop. 4.3]
X is a real spherical variety
⇑ obvious
G is compact.
(2) When X admits a G-invariant Riemannian structure, the following are
equivalent (see Vinberg [24], Wolf [25]):
XC is spherical
⇐⇒X is weakly symmetric in the sense of Selberg
⇐⇒X is a commutative space.
(3) The classification of irreducible symmetric spaces was accomplished by
Berger [3] at the level of Lie algebras.
(4) The classification theory of spherical varieties XC has been developed by
Kra¨mer, Brion, Mikityuk, and Yakimova.
(5) The triple space (G×G×G)/ diagG is not a symmetric space. It is real
spherical if and only if G is locally a direct product of compact Lie groups
and SO(n, 1), see [11]. This geometric result implies a finiteness criterion of
multiplicities for the tensor product of two infinite-dimensional irreducible
representations ([11], [12, Cor. 4.2]). The triple space is considered as a
special case of the homogeneous space (G˜× G)/ diagG for a pair of groups
G˜ ⊃ G. More generally, the classification of real spherical manifolds (G˜ ×
G)/ diagG was accomplished in [16] when (G˜, G) are irreducible symmetric
pairs in connection to the branching problem for G˜ ↓ G, see [12].
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(6) Let N be a maximal unipotent subgroup of a real reductive Lie group G.
Then G/N is real spherical, as is easily seen from the Bruhat decomposition.
Moreover, the following equivalence holds:
GC/NC is spherical ⇐⇒ G is quasi split.
This is related to the fact that the theory of Whittaker models (e.g. Kostant–
Lynch, H. Matumoto) yields stronger consequences when G is assumed to be
quasi split, see Remark 1.13 below.
We denote by Irr(G) the set of equivalence classes of irreducible admissible
smooth representations of G. We do not assume unitarity for here. The
solutions of Problem 1.4, which is a reformalisation of Basic Problem 1.1, are
given by the following two theorems.
Theorem 1.8 (Criterion for finiteness of multiplicity [17]). Let G be a reduc-
tive Lie group and H a reductive algebraic subgroup of G, and set X = G/H .
Then the following two conditions on the pair (G,H) are equivalent.
(i) (representation theory) dimCHomG(Π, C
∞(X)) <∞ (∀Π ∈ Irr(G)).
(ii) (geometry) X is a real spherical variety.
In [17], the proof of the implication (ii)⇒ (i) uses (hyperfunction-valued)
boundary maps for a system of partial differential equations with regular
singularities, whereas that of the implication (i)⇒ (ii) is based on a general-
ization of the Poisson transform. This proof gives not only the equivalence of
(i) and (ii) in Theorem 1.8 but also some estimates of the multiplicity from
above and below. In turn, these estimates bring us to the following geometric
criterion of the uniform boundedness of multiplicity.
Theorem 1.9 (Criterion for uniform boudedness of multiplicity [17]). Let
G be a reductive Lie group and H a reductive algebraic subgroup of G, and
set X = G/H . Then the following three conditions on the pair (G,H) are
equivalent.
(i) (representation theory) There exists a constant C such that
dimCHomG(Π, C
∞(X)) ≤ C (∀Π ∈ Irr(G)).
(ii) (complex geometry) The complexification XC of X is a spherical va-
riety of GC.
(iii) (ring theory) The ring of G-invariant differential operators on X is
commutative.
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Remark 1.10. The equivalence (ii) ⇔ (iii) in Theorem 1.9 is classical, see
e.g., [24], and the main part here is to characterize the representation the-
oretic property (i) by means of conditions in other disciplines.
Remark 1.11. In general, the constant C in (i) cannot be taken to be 1
when H is noncompact.
Remark 1.12. Theorem 1.9 includes the discovery that the property of
“uniform boundedness of multiplicity” is determined only by the complexifi-
cation (GC, XC) and is independent of a real form (G,X). It is expected that
this kind of statements could be generalized for reductive algebraic groups
over non-archimedean local fields. Recently, Sakellaridis–Venkatesh [20] has
obtained some affirmative results in this direction.
Remark 1.13. Theorems 1.8 and 1.9 give solutions to Problem 1.4 (1) and
(2), respectively. More generally, these theorems hold not only for the space
C∞(X) of functions but also for the space of distributions and the space
of sections of an equivariant vector bundle. Furthermore, a generalization
dropping the assumption that the subgroup H is reductive also holds, see
[17, Thm. A, Thm. B] for precise formulation. For instance, the theory of
the Whittaker model considers the case where H is a maximal unipotent
subgroup, see also Example 1.7 (5). Even for such a case a generalization of
Theorems 1.8 and 1.9 can be applied.
Remark 1.14. We may also consider parabolic subgroups Q instead of a
minimal parabolic subgroup. In this case, we can also consider “generalized
Poisson transform”, and extend the implication (i) ⇒ (ii) in Theorem 1.8,
see [12, Cor. 6.8] for a precise formulation. On the other hand, an opposite
implication (ii)⇒ (i) for parabolic subgroups Q is not always true, see Tauchi
[22].
Theorems 1.8 and 1.9 suggest nice settings of global analysis in which the
“grip strength” of representation theory is “strong”. The Whittaker model
and the analysis on semisimple symmetric spaces may be thought of in this
framework as was seen in (6) and (1), respectively, of Example 1.7. As yet
another set of problems, let us discuss briefly the restriction of representations
to subgroups (branching problems).
In the spirit of “grip strength” (Basic Problem 1.1), we may ask “grip
strength of a subgroup” on an irreducible representation of a larger group as
follows:
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Basic Problem 1.15 (Grip strength in branching problem). Let Π be an
irreducible representation of a group G. We regard Π as a representation of a
subgroup G′ by restriction, and consider how many times another irreducible
representation pi of G′ occurs in the restriction Π|G′:
(1) When is the multiplicity of every irreducible representation pi of G′
occurring in the restriction Π|G′ finite?
(2) When is the multiplicity of irreducible representation pi of G′ occurring
in the restriction Π|G′ uniformly bounded?
To be precise, we need to clarify what “occur” means, e.g., as a sub-
module, as a quotient, or as a support of the direct integral (2.1) of the
unitary representation, etc. Furthermore, since our concern is with infinite-
dimensional irreducible representations, the definition of “multiplicity” de-
pends also on the topology of the representation spaces of Π of G and pi of
G′. Typical definitions of multiplicities include:
dimHomG′(Π
∞|G′, pi
∞),(1.3)
dimHomG′(Π|G′ , pi),(1.4)
dimHomG′(pi,Π|G′),(1.5)
dimHomg′,K ′(piK ′,ΠK).(1.6)
Here Π∞, pi∞ stand for smooth representations, whereas piK ′ and ΠK stand
for the underlying (g′, K ′)-modules and (g, K)-modules. If Π and pi are both
unitary representations, then the quantities (1.4) and (1.5) coincide. If (1.6)
6= 0 in addition, then all the quantities (1.3)–(1.6) coincide. In general the
multiplicity (1.6) often vanishes, and its criterion is given in [9, 10].
Concerning the multiplicity (1.3), see [12], [21] and references therein for
the general theory, in particular, for a geometric necessary and sufficient
condition on the pair (G,G′) such that (1) (or more strongly (2)) of Basic
Problem 1.15 is always fulfilled. When the triple (Π, G,G′) satisfies finiteness
(or more strongly, uniform boundedness) of the multiplicity in Basic Problem
1.15, we could expect a detailed study of the restriction Π|G′, see [13], for
further “programs” of branching problems of reductive groups, such as the
construction of “symmetry breaking operators” and “holographic operators”
in concrete settings [15, 18, 19].
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2 Spectrum of the regular representation L2(X)
—a geometric criterion for temperdness
In the previous section, we focused on “multiplicity” from the perspective of
“grip strength” of a group on a function space and proposed (real) spherical
varieties as “a nice framework for detailed study of global analysis”. On
the other hand, even in a case in which the “grip strength” of representation
theory is “weak”, we may still expect to analyze the space of functions on
X from representation theory in a “coarse standpoint”. In this section,
including non-spherical cases, let us focus on the support of the Plancherel
measure and consider the following problem.
Suppose that a Lie group G acts on a manifold X with a Radon measure
µ and that G leaves the measure invariant so that G acts naturally on the
Hilbert space L2(X) ≡ L2(X, dµ) as a unitary representation.
Basic Problem 2.1 (Tempered space [1]). Find a necessary and sufficient
condition on a pair (G,X) for which the regular representation L2(X) of G
is a tempered representation.
We recall the general definition of tempered representations.
Definition 2.2 (Tempered representation). A unitary representation pi of
a locally compact group G is called tempered if pi is weakly contained in
L2(G), namely, if any matrix coefficient G ∋ g 7→ (pi(g)u, v) ∈ C can be
approximated by a sequence of linear combinations of matrix coefficients of
the regular representation L2(G) on every compact set of G.
The classification of irreducible tempered representations of real reductive
linear Lie groups G was accomplished by Knapp–Zuckerman [5]. In contrast
to the long-standing problem of the classification of the unitary dual Ĝ,
irreducible tempered representations form a subset of Ĝ that is fairly well-
understood. Loosely speaking, from the orbit philosophy due to Kirillov–
Kostant–Duflo, irreducible tempered representations are supposed to be ob-
tained as a “geometric quantization” of regular semisimple coadjoint orbits,
see e.g., [4, 8].
Tempered representations are unitary representations by definition, how-
ever, the classification theory of Knapp–Zuckerman played also a crucial
role in the Langlands classification of irreducible admissible representations
(without asking if they are unitarizable or not) of real reductive Lie groups.
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The general theory of Mautner–Teleman tells that any unitary represen-
tation Π of a locally compact group G can be decomposed into the direct
integral of irreducible unitary representations:
(2.1) Π ≃
∫
⊕
piλdµ(λ).
Then the following equivalence (i) ⇔ (ii) holds ([1, Rem. 2.6]):
(i) Π is tempered;
(ii) irreducible representation piλ is tempered for a.e. λ with respect to the
measure µ.
The irreducible decomposition of the regular representation ofG on L2(X)
is called the Plancherel-type theorem for X . Thus, if the Plancherel formula
is “known”, then we should be able to answer Basic Problem 2.1 in principle.
However, things are not so easy:
Observation 2.3. The Plancherel-type theorem for semisimple symmetric
spaces G/H was proved by T. Oshima, P. Delorme, E. van den Ban, and
H. Schlichtkrull (up to nonvanishing condition of discrete series represen-
tation with singular parameters). However, it seems that a necessary and
sufficient condition on a symmetric pair (G,H) for which L2(G/H) is tem-
pered had not been found until the general theory [1] is established by a
completely different approach. In fact, it is possible to show that tempered-
ness of L2(G/H) implies a simple geometric condition that (G/H)Am is dense
in G/H (see the second statement of Theorem 2.11) from their Plancherel-
type formula in the case where G/H is a symmetric space, whereas there is a
counterexample to the converse statement, as was found in [1]. If one employs
the Plancherel-type formula in order to derive the right answer to Problem
2.1 for symmetric spaces G/H , one will need a precise (non-)vanishing con-
dition on certain cohomologies (Zuckerman derived functor modules) with
singular parameters, and such a condition is combinatorially complicated in
many cases ([7, 23]).
Observation 2.4. More generally, when XC is not necessarily a spherical
variety of GC, as shown in Theorem 1.9, the ring DG(X) of G-invariant
differential operators on X is not commutative and so we cannot use effec-
tively the existing method on non-commutative harmonic analysis based on
an expansion of functions on X into joint eigenfunctions with respect to the
commutative ring DG(X), cf. Example 1.3.
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As observed above, to tackle Basic Problem 2.1, one needs to develop
a new method itself. As a new approach, Benoist and I utilised an idea of
dynamical system rather than differential equations. We begin with some
basic notion:
Definition 2.5 (Proper action). Suppose that a locally compact group G
acts continuously on a locally compact space X . This action is called proper
if the map
G×X → X ×X, (g, x) 7→ (x, g · x)
is proper, namely, if
GS := {s ∈ G : gS ∩ S 6= ∅}
is compact for any compact subset S of X .
If G acts properly on X , then the stabilizer of any point x ∈ X in G
is compact. On the other hand, if H is a compact subgroup of G, then
L2(G/H) ⊂ L2(G) holds, hence the regular representation on L2(G/H) is
tempered. The following can be readily drawn from this.
Example 2.6. If the action of a group G on X is proper (Definition 2.5),
then the regular representation in L2(X) is tempered.
Therefore, in the study of Basic Problem 2.1, we focus on the nontrivial
case that the action of G on X is not proper. Properness of the action is
qualitative property, namely, there exists a compact subset S of X such
that the set GS = {g ∈ G : gS ∩ S 6= ∅} is noncompact. In order to shift it
quantitatively, we consider the volume vol(gS ∩ S). Viewed as a function
on G,
(2.2) G ∋ g 7→ vol(gS ∩ S) ∈ R
is a continuous function of g ∈ G. Definition 2.5 tells that the G-action on X
is not proper if and only if the support of the function (2.2) is noncompact
for some compact subset S of X . Hence the “decay” of the function (2.2)
at infinity may be considered as capturing quantitatively a “degree” of non-
properness of the action. By pursuing this idea, Basic Problem 2.1 is settled
in Benoist–Kobayashi [1, 2] when X is an algebraic G-variety for a reductive
group G. To describe the solution, let us introduce a piecewise linear function
associated to a finite-dimensional representation of a Lie algebra.
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Definition 2.7. For a representation σ : h→ EndR(V ) of a Lie algebra h on
a finite-dimensional real vector space V , we define a function ρV on h by
ρV : h→ R, Y 7→ the sum of the absolute values of the real parts
of the eigenvalues of σ(Y ) on V ⊗R C.
The function ρV is uniquely determined by the restriction to a maximal
abelian split subalgebra a of h. Further, the restriction ρV |a is a piecewise
linear function on a, namely, there exist finitely many convex polyhedral
cones which cover a and on which ρV is linear.
Example 2.8. When (σ, V ) is the adjoint representation (ad, h), the restric-
tion ρh|a can be computed by using a root system. It coincides with twice
the usual “ρ” in the dominant Weyl chamber.
With this notation, one can describe a necessary and sufficient condition
for Basic Problem 2.1.
Theorem 2.9 (Criterion for temperedness of L2(X), [2]). Let G be a re-
ductive Lie group and H a connected closed subgroup of G. We denote by
g and h the Lie algebras of G and H , respectively. Then the following two
conditions on a pair (G,H) are equivalent.
(i) (global analysis) The regular representation L2(G/H) is tempered.
(ii) (combinatorial geometry) ρh ≤ ρg/h.
Remark 2.10. If G is an algebraic group acting on an algebraic variety X ,
then, even when X is not a homogeneous space of G, one can give an answer
to Basic Problem 2.1 by applying Theorem 2.9 to generic G-orbits ([2]).
Theorem 2.9 was proved in [1] in the special case where both G and H
are real algebraic reductive groups. In this case, the following theorem also
holds:
Theorem 2.11 ([1]). Let G ⊃ H be a pair of real algebraic reductive Lie
group. We set
(G/H)Am :={x ∈ G/H : the stabilizer of x in H is amenable}
(G/H)Ab :={x ∈ G/H : the stabilizer of x in H is abelian}.
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Then the following implications hold.
geometry (G/H)Ab is dense in G/H
⇓
representation L2(G/H) is tempered
⇓
geometry (G/H)Am is dense in G/H .
Since a complex Lie group is amenable if and only if it is abelian, Theorem
2.11 implies the following:
Corollary 2.12. The following conditions on a pair of complex reductive
Lie groups (G,H) are equivalent:
(i) L2(G/H) is tempered.
(ii) (G/H)Ab is dense in G/H .
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